Abstract. We show that warped cones over actions with spectral gaps do not embed coarsely into large classes of Banach spaces. In particular, there exist warped cones over actions of the free group that do not embed coarsely into L pspaces and there are warped cones over discrete group actions that do not embed into any Banach space with non-trivial type.
Introduction
The goal of this paper is to construct new examples of metric spaces that do not admit coarse embeddings into various classes of Banach spaces, in particular into Banach spaces with non-trivial type. The only examples with such properties known previously were expanders constructed from groups with strong Banach property (T) [10, 11] . The spaces we construct are warped cones over certain actions with spectral gaps. Warped cones were introduced by Roe in [16] , where it was shown that a warped cone over an action of a countable dense subgroup Γ of a compact Lie group G on G does not embed coarsely into the Hilbert space unless Γ is a-T-menable.
This result was extended to more general actions of non-a-T-menable groups on metric spaces in [17] . The existence of an invariant measure admitting a positivemeasure subset on which the action is free guarantees non-embeddability of the warped cone.
Our proof of non-embeddability is different than the ones used in [16, 17] . In particular, it does not use negative definite functions or kernels, which are restricted to the setting of Hilbert spaces. This allows to bypass the use of the GelfandNaimark-Segal construction and apply these techniques to general Banach spaces. It also sidesteps the requirement that the action is free.
We also obtain additional information about the distortion of the level sets of the cone. Distortion measures the best Lipschitz constant for an embedding of a compact, usually finite, metric space into another metric space. This notion has many applications in computer science, where the ability to embed finite metric spaces into the Hilbert space with small distortion gives very useful information about the computational aspects of their metrics. It is a classical result of Bourgain that the Euclidean distortion of any finite metric space is at most logarithmic in its cardinality, up to a universal constant. This upper bound is realized by sequences of expanders. A quantitative version of our argument shows that discretizations of level sets of a warped over an action with a spectral gap attain the logarithmic upper bound.
One of the advantages of the arguments we use is that in many situations they allow to use the spectral gap directly, without appealing to property (T). We show for instance that there are warped cones over a-T-menable groups that do not embed coarsely into the Hilbert space, or more generally, into any L p -space, 1 < p < ∞. An illustrative example is the warped cone O F n SU(2). Bourgain and Gamburd proved [4] that for appropriately chosen subgroups F n in SU(2) the action of F n on SU(2) has a spectral gap and it follows from the result presented here that the associated warped cone is not coarsely embeddable into any L p -space, 1 < p < ∞. Another example for which the same conclusion holds is the warped cone over the action of SL 2 (Z) on the torus.
We also obtain examples of warped cones that do not embed coarsely into more general classes of spaces. Using Lafforgue's Banach strong property (T) [10] we deduce that for an ergodic action of a lattice in SL 3 (Q p ) on a probability compact metric space the associated warped cone does not embed coarsely into any Banach space with non-trivial type. We also discuss other examples based on strong property (T) for classes of Banach spaces satisfying certain type and cotype conditions, proved recently for lattices in Lie groups [6, 7, 11] and for automorphism groups of buildings [13, 14] .
The non-embeddability results presented here provide additional evidence supporting a conjecture made in [8] that warped cones over actions with spectral gaps do not satisfy the coarse Baum-Connes conjecture.
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Warped cones
Let Γ be a finitely generated group acting on Y by homeomorphisms. The
Main result
Let Γ be generated by a finite set S . Suppose that Γ acts on a compact metric probability space (Y, d, m) by measure preserving homeomorphisms. Let E be a Banach space and let L p (Y, m; E) denote the associated Bochner space, where 1 < p < ∞. The exact value of p in applications is chosen depending on the context, for instance if E is some L q -space then we choose p = q. Denote by π the isometric representation of Γ on L p (Y, m; E) induced by the action,
denote the mean value of f . In the case when the action of Γ on Y is ergodic, M is an equivariant projection onto the subspace of invariant vectors. We will denote the kernel of this map L 0 p (Y, m; E). Recall that the action has a spectral gap if there is κ > 0 such that for any
Since the L p -norm is given by integration, it is straightforward to check that if the action on
Any ergodic action of a Kazhdan group has a spectral gap in L p , see for instance [1, Theorem A] for a more general fact. The same holds for a pair (Γ, H) with relative property (T) if the action of H is ergodic.
Let X, Z be metric spaces. A map f : X → Z is a coarse embedding if there exist two nondecreasing and tending to infinity functions,
We refer to [12, 15] for details. ((y, t), (sy, t) ) is at most 1. Consequently,
The spectral gap guarantees that
On the other hand we have
.
Thus it suffices to show that the first term expressed by a double integral is unbounded.
Since the measure is non-atomic, by the Fubini theorem the set
is of measure 0. By [17, Remark 3.1] for any x, y ∈ Y lying in different Γ-orbits the distance d Γ ((x, t), (y, t)) goes to infinity with t. Since f is a coarse embedding, also f t (x) − f t (y) p E tends to infinity. Thus, the integrand of Y×Y f t (x) − f t (y) p E dm(x) dm(y) tends to infinity almost everywhere, so the integral itself goes to infinity, yielding the desired contradiction.
Assume now that Y is a compact metric space admitting a bi-Lipschitz embedding into a Banach space E (this is automatically satisfied when Y is finite). Given such a bi-Lipschitz embedding
The E-distortion is then defined to be
In particular, the distortion c E (Y) is infinite when Y does not admit a bi-Lipschitz embedding into E. For finite metric spaces the Euclidean distortion c 2 = c ℓ 2 has been studied extensively and has many applications in the geometry of Banach spaces and theoretical computer science. A classical result of Bourgain [3] states that there exists a universal constant C ≥ 0 such that any finite metric space Y satisfies c 2 (Y) ≤ C log |Y|. Bourgain also showed that this bound is tight and is achieved by expanders. Here we show that level sets of a warped cone also achieve this worst bound. The additional assumptions in the next corollary are clearly satisfied for manifolds with a measure given by a volume form and smooth Γ-actions. In fact, K can be chosen as R · L R , where L is the Lipschitz constant for the action of generators.
Hence,
If we put R = c log t for c small enough, the right hand side is bounded by, say, one half (compare [8, Lemma 7.3] ). Denote
From the Fubini theorem it follows that
Let f t : Y × {t} → E be a bi-Lipschitz embedding and let L be its optimal Lipschitz constant. In particular, we have (2) and (1), we have
Recall 
Corollary 3. The distortion c E (Z t ) is at least of order log |Z t |.
In the case E = ℓ 2 the Euclidean distortion c 2 (Z t ) realizes the upper bound.
Examples
There are plenty of examples to which the above theorem applies, giving rise to warped cones non-embeddable into various classes of Banach spaces.
Warped cones non-embeddable into L p -spaces. Many examples of group actions with spectral gaps are known. For instance, it is shown in [4] that certain finite subsets of elements in SU(2) generate a free subgroup, whose action on SU(2) has a spectral gap in L 2 (SU(2)). Another example of an action with a spectral gap is the action of SL 2 (Z) on the torus T 2 = R 2 /Z 2 . It is worth pointing out that SU(2) does not contain finitely generated subgroups with property (T). Furthermore, both F n and SL 2 (Z) are a-T-menable.
The aforementioned result about SU(2) was generalized to SU(d) in [5] . More generally, a recent result [2] shows that many discrete subgroups of compact simple Lie groups have a spectral gap for the action of the subgroup on the ambient compact Lie group.
A Warped cones non-embeddable into certain classes of Banach spaces. Consider all spaces with type p and cotype q satisfying
In particular, in [6] de la Salle showed that SL 3 (R) has Lafforgue's strong property (T) [10] for all spaces satisfying (3) with r = 4. Subsequently, in [7] jointly with de Laat they showed that connected higher-rank simple Lie groups have strong property (T) with respect to the class of spaces satisfying (3) with r = 10. Oppenheim [13] showed recently that Steinberg groups have spectral gaps for isometric representations on spaces in the class satisfying (3) with r = 4. He proved a similar result for automorphism groups of thick buildings and Banach spaces in the class of spaces satisfying (3) with r = 20 [14] . Since L 2 (Y, m; E) has type and cotype equal, respectively, to the type and cotype of E (see e.g. [9, Theorem 11.12] ), in all of the above cases the warped cone associated to any non-atomic ergodic action of G does not embed coarsely into any Banach space in the corresponding class listed above.
Warped cones non-embeddable into spaces with non-trivial type. Consider now a finitely generated group Γ with strong Banach property (T) [10] , that is, property (T) with respect to all Banach spaces of non-trivial type. Examples of such groups include lattices in SL 3 (Q p ), as shown by Lafforgue [10] . This class was extended in [11] to connected almost F-simple algebraic groups whose F-split rank is at least 2, where F denotes a non-Archimedean local field. Let Y be any non-atomic probability space on which Γ acts ergodically. 
